Observation of topological edge modes in a quasi-periodic acoustic
  waveguide by Apigo, David J. et al.
Observation of topological edge modes in a quasi-periodic acoustic waveguide
David J. Apigo,1 Wenting Cheng,1 Kyle F. Dobiszewski,2 Emil Prodan,3 and Camelia Prodan1
1Department of Physics, New Jersey Institute of Technology, Newark, NJ, USA
2Albert Dormans Honors College, New Jesrey Institute of Technology, Newark, NJ, USA
3Department of Physics, Yeshiva University, New York, NY, USA
Topological boundary and interface modes are generated in an acoustic waveguide by simple quasi-
periodic patterning of the walls. The procedure opens many topological gaps in the resonant spectrum
and qualitative as well as quantitative assessments of their topological character are supplied. In
particular, computations of the bulk invariant for the continuum wave equation are performed. The
experimental measurements reproduce the theoretical predictions with high fidelity. In particular,
acoustic modes with high Q-factors localized in the middle of a breathable waveguide are engineered
by a simple patterning of the walls.
The ideas based on topological concepts [1, 2] have
revolutionized the field of condensed matter physics and
led to the discovery of topological insulators and super-
conductors. The latter have been classified at the end of
the previous decade [3–6] and a table of strong topolog-
ical phases has been conjectured. One of their common
characteristics is the emergence of disorder-immune
boundary modes whenever a sample is halved. Physics
akin to that of topological condensed matter systems has
been also predicted in classical wave-supporting mate-
rials [7, 8] and many examples of topological metamate-
rials have been reported in the literature [9–22].
At the same time, it has been pointed out that the pe-
riodic table of topological systems is highly enhanced
if more complex systems are considered, such as the
quasi-periodic or quasi-crystalline ones [23–26]. In [27],
K-theoretic arguments [28, 29] were applied for quasi-
periodically coupled discrete mechanical resonators.
The finding was that, if these are single-mode resonators,
then every gap in the bulk resonant spectrum is topo-
logical, in the sense that it will be completely filled by
boundary spectrum under any boundary condition. The
practical value of the finding is that the quasi-periodic
Hamiltonians display a large number of topological
gaps, hence one can generate localized wave-modes in
both space and energy by simply halving the system.
In this work, we put these general principles to the test
in a completely different regime and we implement them
for the first time using sound waves. Acoustic setups
have been successfully used in the past to generate topo-
logical edge modes [30–32] and even to map the Hofs-
tadter butterfly [33]. In particular, [32, 33] introduced
re-configurable acoustic resonant structures where the
building blocks are sealed acoustic chambers connected
via thin bridges. They have isolated resonant modes,
hence these structures fall under the umbrella of pat-
terned resonators introduced in [27] and they can be
analyzed by similar methods. However, these types of
acoustic structures are not breathable, which is a key
requirement for many practical applications. As such,
here we ask the question: Can one generate topological
edge and interface modes by patterning the walls of an
acoustic waveguide without impeding the air flow?
As we shall see, the answer is yes, but the methods
of analysis are very different from those introduced in
[27]. Indeed, the picture of coupled discrete resonators
is no longer applicable and a full continuum medium
treatment must be employed for the theoretical analysis.
Furthermore, the topological character of the spectral
gaps cannot be taken for granted because the waveguide
supports many overlapping modes. As such, a new as-
sessment of the topological character is introduced based
on the continuum version of the lattice non-commutative
Chern number proposed in [25], achieved in [34]. This
invariant is here evaluated numerically using the meth-
ods developed in [35, 36]. Let us recall from [27] that
the role of aperiodicity in this type of applications is to
generate virtual dimensions and, as we shall see [37],
the Chern number mentioned above is defined on a 3-
dimensional non-commutative manifold, while for dis-
crete patterns is on a 2-dimensional manifold.
At the experimental level, challenges exist because
some of the spectral bands are very narrow and this, to-
gether with the aperiodicity, can lead to irregular mode
profiles, although the bulk states are extended. As such,
the only way to accurately map the bulk spectrum is
to collect data from a large number of points along
the waveguide. Following this protocol, we map not
only the frequecy but also the spatial profile of the bulk
modes. Furthermore, inside the topological bulk gaps,
we were able to detect sharp edge modes, which flow
with the phason degree of freedom in a manner consis-
tent with the computed Chern numbers.
The quasi-periodic acoustic waveguide consists of a
uniform cylindrical tube decorated with walls. The parts
were 3D-printed out of polylactic acid (PLA) using an Ul-
timaker 3 and then assembled as in Fig. 1.The walls have
identical thickness but the spacings between adjacent
walls are modulated according to the algorithm:
Ln = Lavg + ∆L sin(nθ + φ), n ∈ Z. (1)
The geometric parameters used in the experiments are
supplied in Fig. 1. To make the above labels meaning-
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2FIG. 1. Top: photograph of the waveguide configuration used to measure topological interface modes. Bottom: Cross-section and
geometrical parameters. The waveguide consists of interlocking 3D printed PLA parts as shown in the insert and it is mirrored
relative to the domain wall indicated by the dashed line. For experimentation, a speaker is placed at portholes accessible in each
chamber and a piezoelectric microphone is inserted into an opposite porthole. The portholes that are not in use are sealed. The
lengths Ln were generated with Eq. (1) and their average was fixed at Lavg = 40 mm. The parameters in Eq. (1) were fixed at
∆L = 0.2Lavg and θ = 2pi√117 . This particular irrational fraction of 2pi accepts a good rational approximation θ =
9pi
48 +O(10−3), which
was used in some of the numerical calculations. The system was also run without a domain wall, for bulk and edge measurements.
ful, we assume that the waveguide is centered at a point
inside L0. In Equation (1), θ is an angle incommensurate
with 2pi, which will be kept fixed during the measure-
ments, and φ is the phason, which should be let to vary.
For example, a simple relabeling n → n + m, which cor-
responds to re-centering the waveguide, will change φ
into (φ + mθ)mod 2pi. Since θ is incommensurate, these
relabelings alone will sample the phason densely in the
[0, 2pi] interval. Lavg in Equation (1) is the average dis-
tance between the walls and ∆L sets the magnitude of
the fluctuations in Ln.
In the inset of Fig. 1, we show a front view of the
waveguide, confirming that air can flow freely through
the structure. It is then somewhat striking that, with the
proposed patterning, we can stop sound propagation
over several intervals of frequencies and, furthermore,
we can generate, very much on demand, topological
sound modes localized at any desired location along the
tube. As opposed to an ordinary resonant mode pro-
duced in a fully sealed acoustic chamber, the interface
modes produced in the present work have less contact
with the boundary, hence they are expected to have very
high Q-factors, a much desired characteristic for practi-
cal applications.
To understand the effect of the patterning, we report
in Fig. 2 the dispersion of the acoustic modes for clean
and periodically (Ln = Lavg) patterned waveguides, as
well as the resonant spectrum of the aperiodically pat-
terned waveguide (Ln set by (1)). As expected for quasi
1-dimensional wave propagation, the periodic pattern
opens spectral gaps in the gapless spectrum of the clean
tube. These gaps, however, are not topological. The role
of aperiodicity is to open additional gaps in the spectrum
that, as one can see, resemble quite closely the Hofstadter
butterfly [38], when mapped as function of θ. As we
shall see, these are the gaps that carry non-trivial bulk
topological invariants prompting the topological edge
and interface modes. Let us mention that the spectra
in Fig. 2 were produced with an in-house Fortran code,
which diagonalizes the Laplace operator expressed in
the cylindrical coordinates (ρ, z) and resolved over the
azimuthal symmetry sectors. In appropriate units, the
operator reads:
∆m = − 1ρ
∂
∂ρ
ρ
∂
∂ρ
+
m2
ρ2
− ∂
2
∂z2
, m = 0,±1, . . . , (2)
and von Neumann condition is considered at the bound-
ary. Recall that the latter is set by θ and φ, hence ∆m de-
pends in a fundamental way on these parameters. The
Laplace operator was discretized using finite differences.
The protocol for acoustic data acquisition was as fol-
lows. Sinusoidal signals of duration 1 s and amplitude of
0.5 V were produced by a Rigol DG1022 function genera-
tor, amplified by a Crown XLS 2502 power amplifier with
the gain set to 6, and then applied on a CUI Inc. GF0501
speaker, placed at one of the portholes. A PCB Piezotron-
ics Model-378C10 microphone and a PCB Piezotronics
Model-485B12 power conditioner acquired the acoustic
signals at a porthole opposite the speaker (see Fig. 1).
To account for the frequency-dependent response of the
components, a separate measurement is performed with
the waveguide removed but speaker and microphone
kept in the same positions. All readings are normalized
by the output of these measurements. The outputs were
read by a custom LabVIEW code via a National Instru-
ments USB-6112 data acquisition box and the ratio of the
two measurements is stored on a computer for graphic
renderings.
3FIG. 2. a) Dispersion of the acoustic modes for the un-patterned
waveguide, for m = 0 sector. b) The band structure of a peri-
odically patterned waveguide (i.e. θ = 0), for m = 0 sector. c,d)
Resonant spectrum of a patterned waveguide as function of θ,
for m = 0, 1 sectors, respectively.
For the bulk measurements, the protocol was repeated
for all 48 chambers of a patterned waveguide, with fre-
quency scans from 500 to 6000 Hz in 25 Hz steps. The re-
sults are reported in Fig. 3. When the data is rendered as
function of frequency and chamber index, clear extended
acoustic modes can be identified. Furthermore, when
the data is collapsed on the frequency axis, clear spectral
gaps can be identified, two of which are predicted to be
topological. Unfortunately, the m = 0, 1 spectra over-
lap above the non-topological gap (see Fig. 2) and the
higher frequency topological gaps could not experimen-
tally resolved. Let us note that the agreement between
experiment and theory in Fig. 3 is less than 5%.
To assess the topological character of the gaps, we em-
ploy the bulk-boundary correspondence for continuum
models established in [34]. The bulk-topological invari-
ant is supplied by the non-commutative Chern number
of the gap projection PG = χ(−∞,G]
(
∆m(φ) − G
)
:
Ch(PG) = TrL
(
PG[∂φPG, [Z,PG]]
)
, (3)
where Z is the position operator parallel to the tube and
TrL is the trace per length. The invariant can be com-
puted at any arbitrary but fixed phason value, which is
a consequence of Birkhoff ergodic theorem [39]. With
the Laplacian discretized on a lattice via finite differ-
ences, Eq. (3) was evaluated using methods which are
by now standard [35, 36]. The results are reported in
Fig 3, confirming that the smaller gaps are topological.
Furthermore, [34] established the existence of a bound-
ary topological invariant which counts the number of
chiral boundary bands, as well as the equality between
the bulk and boundary invariants.
The presence of chiral modes, in accordance to the
above bulk-boundary principle, is confirmed by our nu-
merical simulations reported in Fig. 4a. To map the
FIG. 3. Bulk resonant spectrum for the geometry described in
Fig. 1. Left: Theoretical resonant spectrum reproduced from
Fig. 2(c), with arrows indicating the topological gaps. The ver-
tical marking identifies θ = 2pi√
117
, used in experiments. Center:
Normalized microphone readings from the center of 48 cham-
bers, recorded over a wide frequency interval. Right: Collapse
on the frequency axis of the intensity plot reported in the mid
panel. Three spectral gaps can be clearly identified in the
experimental data and seen to be well aligned with the theo-
retical calculations. The values of the Chern numbers for the
two topological gaps are also indicated.
boundary modes experimentally, the acquisition proto-
col was applied on the second chamber from the left
physical edge, which was plugged. The frequency was
swept from 2.0 to 2.6 kHz in steps of 25 Hz and the
value of the phason was modified by moving the phys-
ical edge sequentially to the right, hence from L0 to Ln,
n = 1, 2, . . .. The results are presented in Fig. 4b and they
indeed confirm the existence of one chiral band in the
upper topological gap and two such bands in the lower
topological gap. For reference, we reproduced in panel
c) the experimental data from Fig. 3, from where the ex-
act position of the bulk edges can be inferred. As one
can see, the boundary resonances occur inside the bulk
gaps and the dispersion with φ is consistent with the
theoretical prediction.
We now demonstrate that a localized topological edge
mode can be created without the assistance of any plug.
For this, we consider a domain wall configuration:
. . . |L31|L30|L29|L29|L30|L31| . . .
where the waveguide is mirror-reflected relative to left
edge of L29 chamber. This particular index was chosen
because moving the origin to that chamber generates
a phason φ = (29θ)mod 2pi, which coincides with the
4FIG. 4. Topological edge spectrum. a) Theoretical prediction of
the spectral flow against the phason parameter φ, demonstrat-
ing the existence of chiral bands. The red/blue marks relate to
the left/right edge of the waveguide, respectively. b) Experi-
mental mapping of the spectral flow, confirming the existence
of chiral bands. c) The measurements for bulk spectrum, re-
produced from Fig. 3, indicating the position of the bulk gap
edges.
value where strong mid-gap edge modes were observed
in the first topological gap. Since Eq. 3 is odd under re-
flection, with this patterning, an interface between topo-
logical systems with opposite Chern numbers is created
As such, the bulk-boundary principle predicts the emer-
gence of 2×Ch acoustic modes localized at the interface.
The experimental measurements are reported in
Fig. 5(a). The frequencies were swept as in Fig. 4 and, in
order to probe the localization of the acoustic modes, the
speaker and microphone were placed at several port-
holes at and away from the interface. A strong and
sharp resonance was detected in the first topological gap
(Ch = 1), when the measurements were performed one
and two chambers away from the interface. The reso-
nance was not detectable further away from the interface
or at the interface itself. A similar resonance can be de-
tected at the other side of the interface, leading to a full
confirmation of the topological bulk-boundary predic-
tion. The interface mode is also observed in a standard
COMSOL simulation, as shown in Fig. 5(b).
In conclusion, we have demonstrated that topologi-
cal edge and interface modes can be created by a simple
quasi-periodic patterning of an acoustic waveguide. The
FIG. 5. a) Topological interface mode, measured for a waveg-
uide configuration similar to that in Fig. 1. The spatial localiza-
tion of the interface mode was mapped by moving the speaker
and microphone incrementally away from the domain wall. b)
The topological interface mode is also observed in COMSOL
simulations. Red, blue and green colors represent high, low
and zero pressure variations, respectively.
topological gaps can be easily identified when the res-
onant spectrum is mapped as function of modulation
parameter θ. Furthermore, a topological invariant was
computed and shown to be in agreement with the num-
ber of observed topological chiral edge modes.
As we have seen, quasi-periodicity opens topological
gaps inside the bands of the periodic structure, which
resemble the Hofstadter butterfly when mapped as
function of θ. Optimization over ∆L in Eq. (1) and the
geometric parameters of the tube, as well as improve-
ments in materials (e.g. by replacing the polymer with
metal), can highly enhance these topological gaps and
the Q-factors of the topological boundary and interface
modes. Other than that, the procedure requires no
further fine tuning and, due to its simplicity, we believe
it can be easily incorporated in practical applications.
The present analysis can also serve as a model for
acoustic implementations of many other promising
aperiodic structures [40].
All authors acknowledge support from the W. M. Keck
Foundation.
5SUPPLEMENTAL
The aperiodic continuum systems are quite different
from the discrete aperiodic ones for the following rea-
sons:
• They can be halved at any point of their axis.
Hence, the phason φ alone does not specify com-
pletely the configuration of the waveguide, for we
also need to know where the origin of the Eu-
clidean space is located relative to the walls of the
patterned waveguide. This is so because, by con-
vention, it is at this origin where the cut is made
and the edge modes emerge.
• The bulk topological invariant, while still a formal
Chern number, is defined on a different algebra of
observables.
• The proof [34] of the quantization and stability of
the topological invariants for continuum models
also proceeds quite differently from the one for
discrete models [29].
The aim of this note is to walk the reader through [34], as
adopted to the acoustic waveguide analyzed in the main
text.
The continuous hull. The continuous hull Ω of the pat-
terned waveguide is the topological space traced by the
pattern when one continuously translates the waveguide
along the axis [28]. Here we show that Ω is a 2-torus.
With the elements introduced in diagram 6, letω ∈ T2 be
an arbitrary point and imagine the blue line as being a
physical rope wound around the torus. Let the red line,
whose equation is supplied in the diagram, be soaked
with ink so that, every time when the rope crosses the
red line, a mark is imprinted. Let us label these marks as
shown in the diagram. Then, after we unwind the rope
and lay it flat and parallel to axis of the tube, one will
find that:
xn+1 − xn = Lavg + y
(
(n + 1)θ + φω
)
− y(nθ + φω) (4)
= Lavg + ∆L sin(nθ + φω).
The marks xn will overlay perfectly over the centers of
the walls if the origin of the Euclidean space is fixed at
xω (the position of ω on the rope)!
The conclusion is that every rigidly translated waveg-
uide configuration can be uniquely characterized by
a point ω ∈ T2, hence the continuous hull is the 2-
torus. Furthermore, the group of translations parallel
to the waveguide’s axis induces an action τ of R on T2,
which amounts to shifting ω along the winded rope. As
such, the hull becomes a topological dynamical system
(Ω, τ,R).
Algebra of physical observables. When defining a topo-
logical invariant for aperiodic systems, the first task is
to determine the operator algebra which supplies the as-
sociated physical observables. As it is now well known
[28], for continuous 1-dimensional models, this algebra
is the crossed product A = C(Ω) oτ R. The elements of
this algebra belong to a certain class of complex valued
functions over R ×Ω and the multiplication rule is:
( f1 ∗ f2)(z, ω) =
∫
R
dξ f1(ξ, τξ−zω) f2(z − ξ,ω). (5)
The algebra accepts a canonical representation on L2(R):[
(piω f )ψ
]
(z) =
∫
R
dξ f (z − ξ, τ−ξω)ψ(ξ). (6)
Here, z is the coordinate along the axis of the waveguide.
The dispersion equation for our waveguide is defined
over L2([0,R]) ⊗ L2(R), where [0,R] is the interval where
the radial coordinate ρ takes values. The transversal
modes, however, from topology point of view, brings
nothing significant because all spectral projectors of the
dispersion operator can be generated from the algebra
K⊗A (via the above representation), whereK is the alge-
bra of compact operators over L2([0,R]). This is the case
because the resolvent of the radial part of the Laplace
operator is compact when ρ is restricted to a finite inter-
val.
Topological Invariant. We now can specify the input for
the machinery developed in [34]:
• If (ω1, ω2) are the coordinates of ω ∈ T2 = S × S,
then we have the derivations ∂ω1 and ∂ω2 (= ∂φ), as
well as:
(∂z f )(z, ω) = z f (z, ω), f ∈ A. (7)
• The trace Tr ⊗ T onK ⊗Awith:
T ( f ) =
∫
T2
dω
(2pi)2
f (0, ω) (8)
Then, for a projection p ∈ K ⊗A, [34] showed that:
Ch(p) = 2piTr ⊗ T
(
p[∂ω2p, ∂zp]
)
(9)
equals the index of a certain Fredholm operator, which
ensures the quantization and stability of this Chern num-
ber. We can use the physical representation to write this
invariant. Indeed, if Pω = piω(p), then:
Ch(P) =
∫
dρ
∫
T2
dω 〈0, ρ|Pω[∂φPω, [Z,Pω]]|0, ρ〉, (10)
where Z is the position operator parallel to the tube.
Lastly, since τ acts ergodically on T2, we have from
Birkhoff theorem [39]:∫
dρ
∫
T2
dω 〈0, ρ| . . . |0, ρ〉 = TrL(. . .), (11)
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FIG. 6. The virtual manifold associated to the patterned waveguide is a 2-torus.
the latter being the trace per length introduced in the
main text. With this simplification, Eq. (10) becomes
identical with the one supplied in the main text.
Bulk-boundary correspondence. According to [34], the
topological class of Pω is mapped into the K1-class of the
torus T2 generated by the function eıφ. Since it involves
only the vertical coordinate of the torus 6, the horizon-
tal coordinate plays no role in the bulk-boundary corre-
spondence treated in our work.
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